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ADJOINTS OF LINEAR FRACTIONAL COMPOSITION 
OPERATORS ON WEIGHTED HARDY SPACES 

ZELJKO CUCKOVIC AND TRIED LE 


Abstract. It is well known that on the Hardy space H^{0) or weighted 
Bergman space A^(D) over the unit disk, the adjoint of a linear fractional 
composition operator equals the product of a composition operator and two 
Toeplitz operators. On 5^(]D)), the space of analytic functions on the disk 
whose first derivatives belong to Heller showed that a similar formula 

holds modulo the ideal of compact operators. In this paper we investigate 
what the situation is like on other weighted Hardy spaces. 


1. Introduction 

Let D denote the open unit disk in the complex plane. Let (/? : D —>■ D be an 
analytic map. The composition operator C,p is defined by C^pf = f o where / 
is an analytic function on D. Composition operators have been studied extensively 
on Hilbert spaces of analytic functions such as the Hardy space H^, the weighted 
Bergman spaces (a > —1) and the Dirichlet space V, just to name few. The 
reader is referred to the excellent books [S] and m for more details. Of particular 
interest was finding the formula for the adjoint C* on these spaces. Cowen [3] found 
the formula for C* on for the case is a linear fractional self-map of D (we 
shall call such C^, a linear fractional composition operator). Cowen showed that if 
ip{z) = {az + b)/{cz -k d) is a linear fractional mapping of D into itself then 

c; = (1.1) 

where a{z) = {az — c)j{—bz + d) is the Krein adjoint of p and Mg and are 
multiplication operators with symbols g{z) = {—bz + d)~^ and h{z) = cz d. 
Cowen’s formula was later extended by Hurst [9] to weighted Bergman spaces 
with a > — 1. Such formulas initiated more studies of the adjoint of linear frac¬ 
tional composition operators on different spaces of analytic functions and on 
for general rational symbols. See [i 1 uni El n] and the references therein. 

Recently, Heller [5] investigated the adjoint of C^, acting on the space 5'^(D), 
which consists of analytic functions on D whose first derivative belongs to H^. Let 
K. denote the ideal of compact operators on 5'^(]D>). Heller obtained the following 
results. 

Theorem A. Let p{z) = azj{cz + d) be a holomorphie self-map of the disk and 
eonsider Ctp aeting on S'^(D). Then 

C* = mod 1C, 

where G{z) = {—cfa)z -k 1 and a-{z) = {d/d)z — c/d is the Krein adjoint of p. 
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Theorem B. Let (p{z) = \{z+ u)/{l + uz), |A| = 1, |m| < 1, be an automorphism 
of the disk and consider Cip acting on S'^(D). Then 

C* = mod /C, 

where G{z) = —Xuz + 1 and H{z) = uz + 1. 

For a general linear fractional self-map ip, a formula for C* modulo the compact 
operators can be obtained by combining the above two results. Certain simpli¬ 
fication of the above formulas was also presented in [8]. It is curious to us that 
Heller’s formulas are not of the same form as Cowen’s formula (HI: the order of 
the multiplication operators is different. The purpose of the paper is to investigate 
the adjoints of linear fractional composition operators in a more general setting. 
We then explain how to recover Heller’s formulas from our results. 

All of the spaces mentioned above belong to the class of weighted Hardy spaces 
where /3 = {/3(n)}“>i is a sequence of positive numbers. These spaces 
are Hilbert spaces of analytic functions on the unit disk in which the monomials 
{z^ : n > 0} form an orthogonal basis with ||z"'|| = /3(n). We shall show that it is 
possible to obtain Cowen’s formula modulo compact operators not only on S'^(ID>) 
but also on a wide subclass of weighted Hardy spaces Our strategy involves 

the family of weighted Bergman spaces (a € M) studied by Zhao and Zhu [12] . 
We use the exact formulas for the reproducing kernels of to obtain Cowen’s 
type formula for C* on these spaces first. We then extend our formulas to i?^(/3) 
for appropriate weight sequences whose term /3„ behaves asymptotically as ||^"||a. 


2. Adjoint formulas on A^ 

In this section we study the adjoint of composition operators acting on weighted 
Bergman spaces A^ for a S K. The standard weighted Bergman spaces are defined 
for measures dAa{z) = (1 — \z\^)°‘dA{z) with a > —1. Zhao and Zhu [12] extended 
this definition to the case where a is any real number. For any a € R, the space 
A^ consists of holomorphic functions / on D with the property that there exists an 
integer fc > 0 with a + 2k > —1 such that (1 — \z\^)^f^^\z) belongs to L^(D,dAa), 
or equivalently, belongs to A^^ 2 fc- It is well know that this definition is con¬ 
sistent with the traditional definition for a > — 1. The reader is referred to m 
for a detailed study of A^. Note that any function that is analytic on an open 
neighborhood of the closed unit disk belongs to A^ for all a. 

In [121 Section 11], it was shown that each A^ is a reproducing kernel Hilbert 
space. When equipped with an appropriate inner product, the kernel of A^ can be 
computed explicitly. Depending on the value of a, we obtain three types of kernels. 
For each type, we show that the operator 

c; - MgC^M* 

is either zero or has finite rank, where g and h are certain analytic functions asso¬ 
ciated with if. 

For a + 2 > 0, the kernel is 

1 


Ka(z,w) 


(1 — 2 : w )“+2 ’ 


( 2 . 1 ) 
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and 



which behaves asymptotically as m by Stirling’s formula. 


When a + 2 is negative and non-integer such that —N < a-|-2 < —for 
some positive integer N, the kernel takes the form 

= (1 1 ( 2 - 2 ) 

where Q is an analytic polynomial of degree N. In this case, for m > N, 



which also behaves asymptotically as m 


In the case a -I- 2 = —N, where iV is a non-negative integer, the kernel has the 
form 



(2.3) 


where Q is an analytic polynomial of degree N. For m > N, we have 



where Am is the coefhcient of z™ in the Taylor expansion 



The argument in the paragraph preceding [121 Theorem 44] shows that ||z™||ct 
behaves asymptotically as as well. 

Remark 2.1. For any real number a, we see that ||z™||q, behaves asymptotically 


as m m ^ oo. 


For the Hardy and weighted Bergman spaces (which may be identified as 
with a > —1), it is well known that their multiplier spaces are exactly the same 
as H°° (ID) and any composition operator induced by a holomorphic self-map of D 
is bounded. However, such results do not hold for other values of a. On the other 
hand, it turns out, as we shall show below, that all multiplication and composition 
operators discussed in this paper are bounded on all A^. 

For two positive quantities A and B, we write A < B ii there exists a constant 
c > 0 independent of the variables under consideration such that A < cB. We write 
A^ B ii A<B and B <A. 

Let TO > 0 be an integer. Recall m Theorem 13] that for any real number a, a 
function / belongs to A^ if and only if the mth derivative belongs to ^^+ 2 ™ 


and 


||/||a«||/(™)|U+2™. 


Also, if ai < 02 then 


(2.4) 
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Lemma 2.2. Let a he a real number and m be a positive integer such that a + 2m > 
— 1 . There exists a positive constant C such that if u is a function holomorphic on 
an open neighborhood of the closed unit disk, then is a bounded operator on 
and 

\\Mu\\ < C'inax{||M(^^||i=o(]u) : 0 < j < m}. (2.6) 

Proof. To simplify the notation, we put 

||m|U.oo = max{||u('^)||ioo(D) : 0 < j < m}. 

For any f G using (12.41) . we compute 


II ^ / \ 

Ik/IU « \\{uf)^^^\U2m = E r* 


oc-\-2m 


i=o 




Q:+ 2 m 


< Ik 


m , \ 

ikooE r" ll/^^■^||“+2- 

i=o 


Moreover, for any 0 < j < m, by ( 1 ^ and ( 1 ^ . we have 


11/^^'^ II 


OL-\-2m 


\a-\-2m — 2j 


< 


Consequently, 


hfWc 


< 


I m.oo \\J a 


E 

j=0 


= 2™|kl 


m.oo \\J Q;* 


This implies (12.61) with a constant C independent of u. 


□ 


Lemma 2.3. Let tp be a holomorphic self-map of ID) such that cp extends to a 
holomorphic function on an open neighborhood of the closed unit disk. Then C,p is 
a bounded operator on A\ for any real number a. 

Proof. Fix any real number 7 > — 1. We shall prove that k is bounded on A^ 2 fe +7 
for all integers fc > 0 by induction on k. This immediately yields the conclusion of 
the lemma. 

Since 7 > —1, A^ is the weighted Bergman space with weight (1 — kP)"’'. It is 
well known that C^p is bounded on Aff^, which proves our claim for the case k = 0. 
Now assume that C^p is bounded on A^_2kj,..y for some integer fc > 0. We would like 
to show that Cp is bounded on A^_ 2 k- 2 +-f Since Cp is a closed operator, it suffices 
to show that for any h in 41 ^ 2 ^- 2+75 composition h o ip belongs to 44^2fc-2+7 
as well. This, in turn, is equivalent to the requirement that {h o ip)' belongs to 
^?- 2 fc+ 7 - We have {h o ip)' = {h' op) ■ p'. Since h is in 4 l^ 2 fe- 2+7 5 derivative h' 
belongs to A^ 2 fc+ 7 - ^y the induction hypothesis, h' op = Cph' belongs to ^?_ 2 fe _|_7 
as well. On the other hand, by our assumption about p, Lemma 12.21 shows that 
multiplication by p' is a bounded operator on 4 l^ 2 fe+ 7 - Consequently, Ih' o p) ■ p' 
is an element of A?. 2 fc_|_ 7 , which is what we wish to show. □ 

As in Heller’s work, our adjoint formula for Cp holds modulo finite rank or 
compact operators. We first recall a description of finite rank operators on Hilbert 
spaces, see, for example, [U Exercise H.4.8]. 
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Let Hhe a Hilbert space. For non-zero vectors u,v GH, we use u'S>v to denote 
the rank one operator (u 0 v)(h) = {h, v)u for h GH. 

Lemma 2.4. A bounded linear operator A : H ^ Ti has rank at most m if and 
only if there exist fi,..., fm and gi,... ,gm belonging to % such that 

A = fi gi + ■ ■ ■ + fm ® 5m- 

When y, is a reproducing kernel Hilbert space of analytic function, Lemma 
takes a different form which will be useful for us. This result is probably well known 
but we provide a proof for the reason of completeness. 

Lemma 2.5. Let LI be a Hilbert space of analytic functions on the unit disk with 
reproducing kernel K. Let X be the set of functions on D x D of the form 

fi{z)gi{w)-\ - \-fm{z)gm{w), (2.7) 

where fi,..., fm and gi, ■ ■ ■ ,9m belong to H and m is a positive integer. Then a 
bounded linear operator A : TL —> Li has finite rank if and only if the function 
(z,w) I— (AK^^, Kz) belongs to X. Here Kw(z) = K{z,w) for z,w gL}. 

Proof. By Lemma [2.41 a bounded linear operator A : Li —> Li has finite rank if 
and only if there exist a positive integer m and functions fi,. ■ ■, fm and gi,..., gm 
belonging to Li such that 

A = fi ® gi + • ■ ■ + fm ® 5m- 

For 1 < < TO, we have 

{i.fo®9])Kw,Kz) = {K^,gj){fj,Kz) = fj{z)gj{w). 

The conclusion of the lemma now follows from the density of the linear span of 
{Kzu : w G D}- □ 

Suppose ip{z) = (az + h)/{cz -|- d) is a linear fractional self-map of the unit disk. 
Let <t{z) = (az — c)/ (—bz + d) be the Krein adjoint of (p. It is known that a is also 
a self-map of D. Let r](z) = (cz + d)~^ and pL(z) = —bz + d. Then g and p are 
bounded analytic functions on a neighborhood of the closed unit disk and 

1 — tp(w)z = p(z)(l — wa{zfjg{w). 

Consequently, by choosing appropriate branches of the logarithms, we have 

log (l - p(w)z) = log(^(z)) -k log (l - wa(z)) -k log( 5 (u;)). (2.8) 

Therefore, for any real number 7 , 

— y)(u;)z^ = p{z)'^ (^1 — wa(z)^ g{w)'^ (2.9) 

for z, w in D. 

We are now in a position to discuss the adjoints of composition operators induced 
by linear fractional maps. In the following theorem, we consider the first two types 
of kernels. 

Theorem 2.6. Let a be a real number such that a + 2 is not zero nor a negative 
integer. Let (p(z) = (az + b)/(cz + d) be a linear fractional self-map of the unit disk 
and a be its Krein adjoint. Let g(z) = (—bz -k d)“““^ and h(z) = (cz + d)°‘~^^ for 
z € D. Then C* — MgCaMf has finite rank on In the case a -k 2 > 0, we 
actually have the identity C* = MgCaMj(. 
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Remark 2.7. Lemmas 12.21 and 12.31 show that the operators Cip, Co-, Mg and Mh 
are all bounded on 

Proof of Theorem, As we mentioned before, the case a > — 1 was considered 
by Hurst [9]. His proof works also for —2 < a < —1 since the kernels have the same 
form. Here we only need to investigate the case —N < a + 2 < —N + 1 for some 
positive integer N. To simplify the notation, let 7 = —(a + 2). We then rewrite the 
kernel as K{z,w) = (—1)'^(1 — wz)'^ + Q{wz) for z,w S D. Set Kw{z) = K{z,w) 
for z, rc G ID. We shall make use of the following identities, which are well known, 

= h{w)K,ui, M*Kz=g{z)K^, C*^Kyj = 

We now compute 

{{Cfp - MgCcMff)K^,Kf) = K{z,ip{w)) - g{z)K{a{z),w)h{w) 

= (-1)^(1 - T{w)zy + Q{ip{w)z) 

- 5(2)((-l)^(l - wa[z)y + Q(wa(z))^ h(w) 

= Q((fi(w)z) — g{z)Q{wa{z))h{w) (using (|2.9I) 1. 

Since g and h are analytic on a neighborhood of the closed unit disk and Q is a 
polynomial, the last function has the form (IQ) . Consequently, Lemma 12.51 shows 
that C* — MgCrjMf^ has finite rank. □ 

The following theorem considers the third type of kernel. 

Theorem 2.8. Let a be a real number such that a-\-2 is zero or a negative integer. 
Let ip{z) = {az + b)/(cz + d) be a linear fractional self-map of the unit disk and a 
be its Krein adjoint. Let g{z) = {—bz + and h{z) = {cz + for z G D. 

Then C* — MgC^M^ has finite rank on A^. 

Proof. Let N = —a — 2. Then is a nonnegative integer. Recall that the kernel 
in this case has the form 

K{z,w) = (wz - l)^log (-—+ Q{wz) 

' ^i—wz 

for z, ic G D, where Q is an analytic polynomial. We compute 
{{C;-MgC„M*^)K^,K,) 

= K(^z^ t{w)) — g{z)K{a{z),w)h{w) 

= —((f{w)z — 1 )^ log (1 — (p(w)z) + g(z)(wa(z) — 1)^ log(l — wcr{z))h{w) 

+ Q{ip{w)z) — g{z)Q{wa{z))h{w). 

Since g{z){wa{z) — l)^h{w) = {(p{w)z — 1)^, using (12.81) . we simplify the first two 
terms in the last expression as 

{ip{w)z - 1 )^^ - log(l - ip{w)z) + log(l - wa(z))^ 

= - l)^(log(/r(z)) + log(? 7 ('u;))). 
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where r]{z) = {cz + d) ^ and fj,(z) = —bz + d for z G D. Consequently, 

{{C;-MgC,M^)K^,K,) = -(^z- l)'^(log(M(z)) +log(^)) 

+ Q{ip{w)z) — g{z)Q{wa{z))h{w). 

Since TV is a nonnegative integer and Q is a polynomial, the expression on the right 
hand side is an element of the form (j2.7L Lemma [23] shows that C* — MgCaM^ 
has finite rank. □ 


3. Adjoint formulas on id^(/3) 

In this section we would like to generalize the results in Section 2 to certain 
weighted Hardy spaces We begin with an auxiliary result. For s = 1,2, 

consider a Hilbert space Hs of analytic functions on the unit disk such that 




0 iij^ £, 

PsU) 


Here, {/3 s(r)}5^o is a sequence of positive real numbers with hminf„_,.oo /3s(7i)^'^" = 
1. Such restriction guarantees that elements of Hg are analytic function on the unit 
disk, see for example, [SJ Exercise 2.1.10]. Assume that 


lim 


P2in) 

/3iH 


= a > 0. 


(3.1) 


It is clear that the norms on Hi and H 2 are equivalent. We claim that there is a 
compact operator K : H 2 ^ H 2 such that for all functions f,g & Hi, 


a^{f,9)i = if, 9)2 + {Kf,g) 2 . 


(3.2) 


In fact, define the operator K : H 2 H 2 by 


A(z") = (- 


/32(n)2 


- 1 


for n = 0,1,... and extend by linearity and continuity to all id 2 - We see that A is a 
self-adjoint diagonal operator with respect to the orthonormal basis of monomials. 
By dSH), m Proposition H.4.6] shows that A is a compact operator on H 2 , hence 
on Ai as well. It is clear that dSJ) holds for /(z) = z^' and g{z) = z^ if j ^ 1. If 
j = I, then we compute 

Q^{z\z^)l = = Plij) + ~ ^)^2(j) 

= {Z^,Z^)2 + (Az^Z^)2. 


Linearity and boundedness of A then shows that (|3.2I1 holds for all f,g € Hi. 

Proposition 3.1. Let A be a bounded linear operator on Hi (hence, A is also 
bounded on A 2 / Let Bg be the adjoint of A on Hg for s = 1,2. Then B 2 — Bi is 
a compact operator on H 2 (hence, on Hi as well). 
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Proof. For f,g€ H2, we have 

{82(1 + K)f, g)2 = {{I + K)f, Ag)2 (since B2 is the adjoint of A in H2) 

= a^{f,Ag)i (by ([ 321 )) 

= a'^{Bif,g)i (since Bi is the adjoint of A in Hi) 

= {{I + K)Bif,g)2 (by ( 1321 ). 

This implies B2{I + K) = (J + K)Bi, which shows that B2 — Bi = KBi — B2K. 
Since K is compact on H2 , we conclude that B2 — Bi is compact as well. □ 


We now state and prove our main result in this section. 


Theorem 3.2. Let t be a real number. Suppose /3 
positive numbers such that 


lim 

n—¥oo 


Pin) 

n ^ 


= i, 


{/3(n)}(^Q is a sequence of 
(3.3) 


where 0 < t < 00. Let ^[z) = {az + b)jicz + d) be a linear fractional self-map 
of the unit disk and a be its Krein adjoint. Let g{z) = {—bz + d)^*“^ and h{z) = 
(cz + . Then the difference C^ — MgC^Mj) is a compact operator on H^{/3). 


Proof. Let a = —2t — 1. Then t = —{a + l)/2 and we have 

lim = ( lim ) ( lim 

m—>-00 ||z||q; \m—^oa rnr / V m—s-oo ||z™||q;/ 

^-(a+l)/2 
= I lim —n-n-• 

m^oo ||z'"||o. 

The last limit is a finite positive number by Remark 12.11 This, in particular, says 
that the spaces A^ and H^{P) are the same with equivalent norms. For any bounded 
operator T on these spaces, we write T'*’“ for the adjoint of T as an operator on 
A^ and T*A for the adjoint of T as an operator on id^(/3). 

By Theorems 12.61 and 12.81 the difference K = (7*’“ — MgCcrM'^’°‘ is compact on 
hence on iL^(/3) as well. 

On the other hand, applying Proposition 13.11 with Hi = A^ and H 2 = H‘^{P), 
we have = (7*’“ + Ki and + K 2 for some compact operators 

Ki,K 2 on H‘^i/3). Consequently, 

C*/ - MgC^M*/ = ((7;’“ + Ki) - MgC^iMl’^ + K 2 ) 

= - MgC^Ml’^ + Ki- MgC,K2 

= K + Ki- MgCaK2, 

which is compact on i7^(/3). This completes the proof of the theorem. □ 


We now explain how one obtains Heller’s results from our Theorem 13.21 Let ip 
be a holomorphic self-map of the unit disk. We shall consider two particular cases: 
the case ^^(O) = 0 and the case p is an automorphism. 

Corollary 3.3. Let /3 = {/3(n)}(jTQ be a sequence of positive numbers satisfying 
the condition (IX^ . Let piz) = azjicz -|- d) be a holomorphic self-map of the disk 
and consider C^p acting on H^iP). Then we have 

Cl = MfgCa mod /C, 
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where G{z) = ( — (cla)z + l)^* ^ and a{z) = {a/d)z — c/d is the Krem adjoint of 

Proof. Theorem 13.21 shows that 

C; = MgC^M// mod K, (3.4) 


where g{z) = h{z) = {cz + d) ^t+i^ Since 5 is a constant function, we 

may combine it with h and rewrite (13.4p as C* = mod /C, where hi{z) = 

[d/{cz + d)Y* It then follows that mod 1C. Now, a direct 

calculation verifies that hi = G o cp. We then compute 

a = G;M//ao^ = [Mi/go^G^Y = (c^Mi/g)* = M/^gC;- 
Multiplying by Mq on the left gives C* = MqG„ mod K, as desired. □ 


Corollary 3.4. Let /3 = {/3(n.)}))Tg be a sequence of positive numbers satisfying the 
condition (lO) . Let ip{z) = \{z + u)/{1uz), |A| = 1, |m| < 1, be an automorphism 
of the disk and consider Gg, acting on H^{/3). Then 

C; = Mf.Gg,-iMi/H mod 1C, 

where G{z) = {—Xu z + and H{z) = {uz + 1)^*“^. 

Proof. It can be verified that a = ‘p~^. Theorem 13.21 gives 

C* = MgGg,-iM/ mod /C, 

where g{z) = {—Xuz + and h{z) = {uz + 1)“^*+^. Taking adjoints gives 

= (^MgCg^-iM/^ mod K. 

= MhG;.,M; mod /C, 

which implies 


Mi/hG^Mf^g = G;-, mod 1C. 

Taking inverses then yields 

G; = = (Mi,hG^Mf/Y~^ = M^G^-iMh mod 1C. 

Since g = G and h = 1/PI, the conclusion of the corollary follows. □ 

The space S'^(ID)) can be identified as H‘^{/3), where the weight sequence (3 = 
{/3(n)} „>o is given by /3(0) = 1 and I3{n) = n for all n > 1. This sequence satisfies 
condition (13.31) with t = 1. Consequently, Theorem A follows from Corollary 13.31 
and Theorem B follows from Corollary 13.41 

Acknowledgements. The authors wish to thank the referee for a careful reading 
and useful comments that improved the presentation of the paper. 
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